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Introduction 

Let ¥1 = Proj(Z[T , T u ..., T n ]), H, = {T* = 0} and Zi = Ti/T for i = 0, 1, . . . , n. 
Let us fix a sequence a = (ao, ai, . . . , a n ) of positive numbers. We define a i7 -Green 
function g a of (C°° n PSH)-type on P n (C) and an arithmetic divisor D a of (C°° n PSH)- 
type on P^ to be 

g a := log(o + ai|zi| 2 H ha n |z n | 2 ) and D a := (H , g a ). 

In this paper, we will observe several properties of D a and give the exact form of the Zariski 
decomposition of D a on Pi. Further, we will show that, if n > 2 and D a is big and not 
nef, then, for any birational morphism / : X — > P^ of projective, generically smooth and 
normal arithmetic varieties, we can not expect a suitable Zariski decomposition of f*{D a ). 
In this sense, the results in |9 ] are nothing short of miraculous, and arithmetic linear series 
are very complicated and have richer structure than what we expected. We also give a 
concrete construction of Fujita's approximation of D a . The following is a list of the main 
results of this paper. 

Main Results. Let ip a : M™^ 1 — > K be a function given by 

n n 

tp a (x ,xi, ... ,x„) := - ^XjlogXi + ^Xjlogai, 

i=0 i=0 

and let 

©a := {(xi, ■ ■ ■ , X n ) e A n I (f a (l -x\ x n , xt, . . . , x n ) > 0} , 

where A n := {(xi, . . . , x n ) G M™ | xi + • • ■ + x n < 1|. Then the following properties 
hold for D a : 

(1) D a is ample if and only if a® > 1, a\ > 1, . . . , a n > 1. 
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(2) D a is nef if and only if a$ > 1, a\ > 1, . . . , a n > 1. 

(3) D a is fog //and o«Zy Z/ao + ai + ■ ■ ■ + a n > 1. 

(4) D a is pseudo-effective if and only ifao + a± + ■ ■ ■ + a n > 1. 



ai 



(0,1) 



Ample 



(i;d | 

Big Nef on the boundary 




Pseudo-effective on the boundary 



(1,0) 



Figure 1 . Geography of D a on W\ 

(5) H°(F%, lD a ) 7^ {0} if and only ifl@ a H Z n / 0. As consequences, we have the 
following: 

(5.1) We assume that ao + a± + ■ ■ ■ + a n = 1. For a positive integer I, 

= f {0, ±4 ai • • • 4 a "} i/iai, . . . , Za„ G Z, 
1 {0} otherwise. 

In particular, if a Q n+1 , rAen fl"°(Pg, ZA,) = {0}/or a// I > 1. 

(5.2) For any positive integer I, there exists a G Q^o 1 suc ^ D a is big and 

H (F%,kD a ) = {0} 
for all k with 1 < k < I. 

(6) (#°(PS, m a )) z = ^ ■ ■ ■ 4- i/ze a n z n ^ 0. 

(ei,...,e„)eZ0 a nZ™ 

(7) (Integral formula) The following formulae hold: 



/ ¥>«(!- 



deg(D a ) = 

particular, deg(D^ +1 ) = 



<A»(1 - si 



X\ , . . . , X n )dx\ * * * dx ny 



^1 j • • • j ^ri)^l * * ' dx n . 



vol(D a ) if and only if D a is nef. 
(8) (Zariski decomposition for n = 1) We assume n = 1. 77ie Zariski decomposition 
of D a exists if and only ifao + ai > 1. Moreover, the positive part of D a is given 
by (6 a H - $ a Hi,pa), where # a = inf 6 a , a = sup0 a and 



Pa{z\) = < 



log(a + a 1 |z 1 | 2 ) if^^-^K | :j J < 

e a log |zi| 2 j/l^il > 



ai(i-0„)' 



aogo 
ai(l-0 a ) ; 
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In particular, ifao + a± = 1, then the positive part is — a\(z\). 
(9) {Impossibility ofZariski decomposition for n > 2) We assume n > 2. If D a is 
big and not nef (i.e., ao + • • • + a n > 1 a«<i a% < 1/or some i), then, for any 
birational morphism f : X —> P^ of projective, generically smooth and normal 
arithmetic varieties, there is no decomposition f* (D a ) = P+N with the following 
properties: 

(9. 1) P is a nef and big arithmetic W-divisor of (C° D PSH)-fype on X. 

(9.2) N is an effective arithmetic ^l-divisor of C° -type on X. 

(9.3) For any horizontal prime divisor V on X (i.e. T is a reduced and irreducible 
divisor on X such that T is flat over Z), 

multr(iV) 

< inf {multrCf (H ) + {l/l){4>)) \ I G Z >0 , G H°(lf(D a )) \ {0}} . 

(10) (Fujita's approximation) We assume that D a is big. Let lnt(0 a ) be the set of 
interior points ofQ a . We choose X\, . . . ,x r G lnt(0 a ) D Q n such that 

^ U 2 ~ f &(*i>M*i)),---A*r,M*r))( x ) dx > vol (D a ) - e, 
where Q := Conv{xi, . . . ,x r } and 

( P(xi,(pa(2i)),...,(x r ,(pa(x r ))( X ) ' = 

max{t G R I (x,t) G Conv{(xi,<p a (xi)), ... , (x r ,ip a (x r ))} Cfxl} 

for x G (see Conventions and terminology U\f or the definition ofx\,..., x r ). 
Using the above points X\, . . . ,x r , we can construct a birational morphisms p, : 
Y — > of projective, generically smooth and normal arithmetic varieties, and a 
nef arithmetic Q-divisor P of (C°° n PSH)-type on Y such that 

P < (J* (D a ) and vol(P) > vol(D a ) - e. 
For details, see Section [6] 

I would like to express my thanks to Prof. Yuan. The studies of this paper started from 
his question. I thank Dr. Uchida. Without his calculation of the limit of a sequence, I could 
not find the positive part of D a on P|. In addition, I also thank Dr. Hajli for his comments. 

Conventions and terminology. 

1. For x = (xi, . . . , x r ) G W , the i-th entry X{ of x is denoted by x(i). We define |x| to 
be |x| := x\ + ■ ■ ■ + x r . 

2. For x = (x\ ,x r ) G W and m G R, we define x m G R r+1 to be 

x m = (m — x\ — • • • — x r , xi, ... , x r ). 
Note that |x m | = m. For simplicity, in the case where m = 1, we denote x m by x. 

3. Let e = (ei, . . . , e r ) G Z> and I = |e|. A monomial z e ^ • • • z^ r is denoted by z e . The 

T\ (l\ 

multinomial coefficient is denoted by 

ei!---e r ! \ej 
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1. Fundamental properties of the characteristic function 

Let Pg = Proj(Z[T , T 1} ..., T n ]), H t = {T t = 0} and z t = T t /T for i = 0, . . . , n. 
Let us fix a = (do, ai, . . . , a n ) G M™^ 1 . We set 

h a = a + ai\zi\ 2 -\ \-a n \z n \ 2 , # a = log/i a and Lo a = dd c (g a ) 

on P n (C),thatis, 

5a = -log|T | 2 + log (a \T \ 2 + ■ ■ ■ + a n \T n \ 2 ) . 

Proposition 1.1. (1) uj a is positive. In particular, g a is a H^-Green function of{C°° n 
PSU)-type. 
(2) If we set $ a = ?/ien 

n!a • • • a n 
2vr 7 /£' 



$a = ( -5 — ) — r^+i — dzi A dzi A • • • A dz n A 



arad / <J> a = 1. 

/p«(C) 



/ 

Proo/ (1) Note that 

1 / ft — 

"HT fli J™, a ST^ a i a j z i z j 



a 



2vr I ^ /i a (2:) 4^ h a (z) 2 

\ t=i «j 



We set 



, / c ^« CliCLjZiZj 

1 ~' j K(zj~ h a { Z ) 2 )l<i<n,' 



Then it is easy to see that 
(Ai • • • A n ) A 




Mi? ' 



Thus A is positive definite. 

(2) The first assertion follows from the following claim: 
Claim 1.1.1. For a±, . . . ,a n G C, 

n 

det (<%£j — ttjcij) i<i< n = h ■ ■ ■ t n — ^ |aj| 2 ii ■ ■ ■ ij-i ■ tj+i ■ ■ ■ i n - 

l<j<n i=1 

Proof. We denote — aiOj)i<j<n by £?. If ^ = tj = for i / j, then the i-the 

i<?<n 

column and the j-the column of B are linearly dependent, so that dct B = 0. Therefore, 
we can set 

n 

det B = t\ • • • t n — ' ' ' ' ti+i " " " tn 

1=1 

for some ci, . . . , c ra G C. It is easy to see that det B = — |«j| 2 if = and t\ = ■ ■ ■ = 
U-i = U+i = ••• = £„ = !. Thus a = \ai\ 2 . □ 
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Let | • |a be a C°°-hermitian metric of 0(1) given by 
\Ti\a= 17)1 



v / a \T 1 \ 2 + a 1 \T 1 \2 + --- + a n \T n \i 
for i = 0, . . . , n. Then ci(0(l), | ■ | ffl ) = w„. Thus the second assertion follows. □ 
We define a function ip a : IR™^, 1 -)• E to be 

n n 
ip a (xo,...,X n ) = - ^XilogXj + ^Xjlogaj, 
i=0 i=0 

which is called the characteristic function of g a . The function (y3 a play a key role in this 

i 

v 

paper. Here note that ip a (0, . . . , 1, . . . , 0) = log cij for i = 0, . . . , n. Notably the charac- 
teristic function is very similar to the entropy function in the coding theory. 

Lemma 1.2. For (xq, . . . , x n ) G E™^ 1 with xq + x\ H + x n = 1, 

(p a (x , ■ ■ ■ , x n ) < log(a + ai H h a n ), 

a«<i equality holds if and only if 

X0 = «o/(«0 + Ol H 1" On), ■ ■ ■ , »n = a n/ («0 + «1 H 1" «n)- 

Proof. Let us begin with the following claim: 

Claim 1.2.1. For a±, . . . , a r , . . . , j3 r ,t\, . . . , t r G E>o w/f/i cci + ■ ■ ■ + a r = 1, 

r / r \ r 

^ log ij < log PJi +^2 a i l °S-T, 

i=l \i=l J i=l Pi 

and the equality holds if and only if = ■ ■ ■ = ^-t r . 
Proof. Note that if we set t\ = for i = 1, . . . , r, then 

r / r \ r / r \ r 

J2 a i l °SU ~ log j ^PiU = ^ Qj log t • - log {^ait'i +^a i \og ( j-. 

i=l \i=l J i=l \i=l J i=l P% 

Thus we may assume that Oj = for all i. In this case, the inequality is nothing more than 
Jensen's inequality for the strictly concave function log. □ 

We set I = {i \ Xi ^ 0}. Then, using the above claim, we have 

^2 x i lo S fl i < log I ^ flj ] +^2 x i log Xi, 

iei Kiel / iei 



and hence 



tp a {x , ..., Xn ) = ^-XjlogXj + ^XilogOj 

iei iei 



< log ^2 - log ( a ° H — h a «)- 



In addition, the equality holds if and only if a^jxi = aj/xj for alH, j G / and dj = for 
all i $ I. Thus the assertion follows. □ 
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Note that 

H\¥l,lH Q )= Zz e 
e6Z5 ,|e|<« 

(for the definition of |e| and z e , see Conventions and terminology Q] and [3]). According as 
13. I • l/s„> II • ll/ s „ and (•, -)^ o are defined by 

\cj>\ lga : = |0| exp(-Z 5a /2), ||0||^ o := sup{|0| i9a (x) | z € P n (C)} 

and 



(<t>,^)l 9a '■= / W exp(-lg a )$ a , 
where 0,-0 G H°(F n (C),lH ). 

Proposition 1.3. Le? Z »e a positive integer ande = (e±, . . . , e n ),e' = (e[, . . . ,e' n ) € Z> 
with |e|, \e'\ < I. 

(1) ||z e ||^ a = exp(— lif a (e l /I)) (for the definition ofe, see Conventions and termi- 
nology [2]). 

(2) 

'0 ife^e', 



' if e = e' 



(/or f/ze definition of (-;), see Conventions and terminology®. 

Proof. (1) By the definition of |z e |z 9a , we can see 

log \z% a = e log |T | 2 + • • • + e n log |T n | 2 - / log(a |r | 2 + • • • + a n \T n \ 2 ), 

where eo = I — e\ — ■ ■ ■ — e n and (To : • • • : T n ) is a homogeneous coordinate of P n (C) 
such that Zi = Ti/Tq. Here we set e\ = ei/l for i = 0, . . . , I and I = {i \ ei ^ 0}. Then, 
by using Claim [L2~T1 

ylogl^l^^^e^loglT^-logf^a.lTl 2 j < -^ a (e , . . . , e' n ). 
iei Kiel / 

Moreover, if we set = e'Jdi for i = 0, . . . , n, then the equality holds. Thus (1) 
follows. 

(2) First of all, Proposition 11.11 



1 \ f n\ao ■ ■ ■ a n z e z? dz\ A dz\ A • • • A dz n A dz n 



2it J y P n (C ) (o + ai|zi| 2 H h a n |z n | 2 ) n+/+1 

If we set ^ = x- 7 exp(27rv — 1^), then the above integral is equal to 



/ 

•7 b 



nlao ■■■a n U?=i xf^ )l2 exp(27r % ^T(e i - e<)) 
R n x [o,i]" (a + aixi H h a n x n ) n+l+l 



dx\ ■ ■ ■ dx n d9\ ■ ■ ■ d9. 
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and hence 



fo 



It is easy to see that 



f 

Jo 



1/ 



-dx 



n\ao • • • a n x e i ■ ■ ■ x e ™ 



(a + aixi H h a n x n ) n+l+l 



dx\ ■ ■ ■ dx n if e = e' . 



(ax + b) n * a m b n - m - x (n - l)(n - 2) • • • (n - m)(n - m - 1) 
for a,6 £ M>o and n, m G Z>o with n — m > 2. Thus we can see 



n!e n ! ■ ■ ■ ei! 



(n + l)(n + I - 1) ■ ■ ■ (eo + l)a e n n • • • afa e Q ° ' 
where eo = I — e\ — ■ ■ ■ — e n . Therefore the assertion follows. 

Next we observe the following lemma: 

Lemma 1.4. If we set A n = (n + 2) /2 arad B n = (n + 2) log v 7 ^ + (n + 2) /12, 



□ 



j log ( A . o! /, ! , fcra! a O° • • • " Vafo/l, kn/l) 



< j(A n logl + B n ) 



holds for all I > 1 and (fco, . . . , k n ) G ^^q 1 + ■ ■ ■ + = 

Proof. First of all, note that, for m > 1, 

m\ = V27TTO ei^r (0 < 9 m < 1) 



by Stirling's formula. We set I = {i \ ki ^ 0}. Then 



0i 



log(Z!) = log(V27rZ) + nogZ-Z + I ^, 



log(fci!) = log(72^) + log ki-ki + -£- (i€l) 



12k 



Therefore, 



T lo S 



I \k l---k n \ 



a k Q °---a k n A =p a {k Q /l,...,k n /l) 



+ W<^H^-£(ilogU/^) + i §|-), 



□ 



which yields the assertion. 

Let D a be an arithmetic divisor of (C°° n PSH)-type on given by 

D a := {H ,g a ) = (H ,log(a + ai\z x \ 2 -\ h a n \z n \ 2 )). 

Moreover, 9 a is defined to be 

©a := {(xi, ... ,x n ) £ A n \ ip a (l - xi x n ,xi, . . . ,x n ) > 0}, 

where A n = {(xi, . . . , x n ) G 1R> | xi + ■ ■ ■ + x n < 1}. Note that 6 B is a compact 
convex set. Finally we consider the following proposition: 

Proposition 1.5. Let us fix a positive integer I. Then we have the following: 
(1) #°(Pg, lD a ) / {0} if and only iflQ a n Z n / 0. 
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(2) Ifie a n Z ^ 0, then (#°(Pg, lD a )) z = eeieo r 
Proof. Let us begin with the following claim: 
Claim 1.5.1. Let <p G F°(P2, W a ). If we write 



c e z e (ceGZ), 

e&l ,\e\<l 



then {e | c e ^ 0} C /6 a . 



Proof. Clearly we may assume that <p ^ 0. We set {e | c e 7^ 0} = {ei, . . . , e m }, where 
e, / 6j for i / j. Let ej be an extreme point of Convjei, . . . , e m }. Here let us see that 
G ^O a . Renumbering e\ , . . . , e m , we may assume that i = 1. Then, for fc > 1, 

Efc! 
fcl ,... fcm! C ei 

ki,...,km&>0, 
fclH \-k m =k, fci^fc 

Let us check that fcei 7^ fciei + • • • + k m e m holds for all fci, . . . , fc m G Z>o with fci + ■ • ■ + 
fc m = fc and fci / A;. Otherwise, ei = (^/(/c — fci))e2 + • • • + (fc m /(fc — k\))e m . This 
is a contradiction because ei is an extreme point of Convjei, . . . , e m }. Therefore, we can 
write 

ik_ c k^ z ke 1+ c' e ,Z e ' 



for some d , G Z, which implies 



„2fc 

tit »Jfc\ ci 



= — rTl n zr- + (non-negative real number) 

by Proposition 1 1.3 1 Since c/> fc G ^"°(Fg, klD a ), we have (</> fc , <p k )kig a - 1» which yields 

kl + n\ f kl\ h ~i 



n I \ke 



a fce i > 1. 



Thus, by Lemma [L4l 



*° ^ -"« (A,log( * !)+i, " ) "« log ( » I 



Therefore, by taking — >■ 00, <^ n ^-^J > 0, and hence d G /6 a . 

Finally let us see the claim. Let , . . . , ej r be all extreme points of Convjei ,e m }. 
Then, by the above observation, 

Conv{ei, . . . ,e m } = Convje^, . . . ,e ir } C lQ a 

because l@ a is a convex set. □ 

Let us go back to the proofs of (1) and (2). By Proposition [L3j 

\\ ze \\ig a = exp(-Z</? o (eV0)- 
Thus (1) and (2) follow from the above claim. □ 
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Remark 1.6. Let p a be a hermitian inner product of H°(F n (C), 0p« (1)) given by 



fl/ao 
1/ai 



(pa(Ti,Tj)) 



3))Q<i,j<n 




V 








o \ 




l/o n _i 
l/a n/ / 



Let p a be the quotient C°° -hermitian metric of Opn(l) induced by p a and the canonical 
homomorphism 

i/ (P n (C),O P n(l)) ® Op„ -> Op„(l). 

Then ft, = - log /0 o (T 0) T ). 

Remark 1.7. Hajli |6] pointed out that, for (xi, . . . , x n ) G A n , 

is the Legendre-Fenchel transform of log(ao + aie Ml + • • • + a n e Un ), that is, 

Va(l 2-1 '■■ ^nj • • • i %n) 

= sup {u\x\ H h ii„x„ - log(ao + aie" 1 H h a n e Mn ) | (u\, . . . , it n ) G M n } . 

This can be easily checked by Claim [L2~T1 

2. Integral formula and Geography of D a ^ 

Let X be a d-dimensional, generically smooth, normal and projective arithmetic variety. 
Let D = (D,g) be an arithmetic R-divisor of C°-type on X. Let $ be an Foo-invariant 

volume form on X(C) with / $ = 1. Recall that (0, and \\4>\\ g i,i are given by 

Jxic) 



<jnj}exp(-g)^ and ||0|| ff>i a 



■X(C) 

for 0, ^ G D). We set 

H° L2 (X,D) :={<f>eH°(X,D) 
Let us begin with the following lemmas: 

log#H L2 (X,W) 



'i Y/g 



;V < !}• 



Lemma 2.1. vol(-D) = lim 

Z— >oo 



Proof. First of all, note that 



vol(D) = lim 



log #H°(X, ID) 



/— x /''/r/! 



(cf. (1 Theorem 5.2.2]). Since LD) C H® 2 (X, ID), we have 

log #H° L2 (X, ID) 



vol(D) < liminf ■ 

l— too 



l d /d 



On the other hand, by using Gromov's inequality (cf. (9l Proposition 3.1.1]), there is a 
constant C such that || • || sup < Cl d ~ x || • \ L i on H°(X, ID). Thus, for any positive number 
e> II • 1 1 sup < exp(/e/2)|| • \\ L 2 holds for I 3> 1. This implies that 

H° L2 (X,W) C fl°(X,Z(D + (0,e))) 
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for I » 1, which yields 

log #H° r2 (X, ID) — , 
limsup ' < vo\(D + (0, e)). 

Therefore, by virtue of the continuity of vol, we have 

limsup -r— < vo\{D), 

i^oo l d /dl 

and hence the lemma follows. 



□ 



Lemma 2.2. Let be a compact convex set in R n .roc/i ?/ia? vol(B) > 0. For each I G Z>i, 
Zef = (a e ,e')e,e'ez©nz n &e a positive definite symmetric real matrix indexed by 10 n Z n , 
and fef Ki be a subset ofR lBnZ " ~ R#(' enZ ") givg|| ^ 



if/ 



(are) G 



^ a e) e'X e Xe' < 1 > ■ 
e,e'eienz n 



We assume that there are positive constants C and D and a continuous function if : 
such that 



log 



1 



lip 



< C\og(l) + D 



for all I G Z>i and e € IQ PI Z n . Zrten we Ziave 

io g #(^nz 



lim inf • 



Moreover, if A\ is diagonal and all entries of A\ are less than or equal to 1 (i.e., a efi i < 1 
Ve, e'e!6n II 1 ) for each I, then 



lim 

Proof. By Minkowski's theorem, 



iog#(^nz ienz ") 



ln+1 



x)dx. 



log n Z< wnA ) > log(vol(tf,)) - mi log(2), 
where m t = #(Z0 n Z n ). Note that 

log(vol(tf,)) = ~\ log(det(A,)) + log V mv 

where V r = vol({(xi, . . . ,x r ) € W" \ x\ + • • • + x 2 r < 1}). Moreover, by Hadamard's 
inequality, 

det(^) < Yl Oe, e . 

Thus 

log#(iv- z nZ Z0nZ ") > i J] logf— ) +logF mi -m i log(2). 

eeienz» V(Ie ' e/ 

Further, there is a positive constant c\ such that < c\l n for Z > 1. Thus we can see 

lim io g (y mi )/r +1 = o. 
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Therefore, it is sufficient to show that 



eezenz™ v e ' e/ -° 



By our assumption, we have 



^(D- i(ClogZ + r>) < ylog f— ) <<p(?)+hc]ogl + D). 



Note that 



lim — ip (%\ = lim ip(x) — = [ ip(x)dx. 



eeienz n xeen(i/l)z n 
On the other hand, since mi < c\l n , we can see 



Thus the first assertion follows. 

Next we assume that A\ is diagonal for each I. Then, since 



we have 



—'J— 

2e,e V a e,e 



Thus 



iog#(^nz^ zra )< £ log/W-L + iY 

eezenz™ V V ae ' e / 
log#(^nZ' enzn )<i ^ logC^+mjlogCS) 



ee/enz' 

because a ee < 1 and 2i + 1 < 3t for t > 1. Therefore, as before, 

7 zenz n 



hmsup — <- / ^(x)c£e. 



□ 



From now on, we use the same notation as in Section [TJ The purpose of this section is 
to prove the following theorem: 

Theorem 2.3. (1) (Integral formula) The following formulae hold: 
( n + l)\ f 

vo\(D a ) = — - / (fail-xt x n ,x 1 ,...,x n )dxi---dx n , 

1 Je a 



and 



deg(£>a +1 ) = (yn+ 2 ~~ / Vo(l-a;i ^n, «ii • • • , x n )dxi ■ ■ ■ dx n . 



(2) D a is ample if and only ifa(i) > lfor all i = 0, . . . , 

(3) D a is nef if and only ifa(i) > lfor all i = 0, . . . , n. 

(4) D a is big if and only if \a\ > 1. 

(5) D a is pseudo-effective if and only if\a\ > 1, 
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(6) If \a\ = 1, then 

H°(n,w a 



'{0,±z[ a(1) 
{0} 



Z n x ') if la € 



(7) deg(I^ ) = vo\{D a ) if and only if D a is nef. 
Proof. First let us see the essential case of (1): 

Claim 2.3.1. 7/|a| > 1, tfien vol(.D a ) = v 7 ' / <p a (t)dfc. 

Proof. In this case, vol(G ) > 0. By using Proposition 1 1.5 1 



H°(n,lD a )Q 




n 9a <l}QH L2 (Fl,lD aJ , 



which yields 
by Lemma [2TT1 We set 



n + 1)! lim 



ee/e a nz™ ^ 



< 



1} 



ln+1 



Then, by Proposition 11.31 

#Lg Zz e 

On the other hand, for eeI9„n Z n , 
I + n\ f l\ -a 



z r)(i)« ?i 



< i 



llga 



< 1 



#(^nz ,e » nz "). 



1 



i a 



> exp(l<p a @ /I)) > 1. 



Moreover, by Lemma IT~4l there are positive constants A and B such that 



'ray 



holds for all / £ Z>i and e €E l@ a fl Z n . Thus the assertion follows from Lemma [272] □ 

Next let us see the following claim: 
Claim 2.3.2. Ifs,te M>o and a, ft e R wif/z a + /3 / 0, f/zen 

«4 + /3^sa = (a + /3)£ „ i • 

Proof. This is a straightforward calculation. □ 



< A log / + B 



(2) and (3): First of all, uj a is positive by Proposition II. li Let 7j be a 1-dimensional 
closed subscheme given by H$ D • • • D i/j-i fl -ffj+i D • • • fl .ff n . Then it is easy to see that 



deg(D a 



Hi' 



(1/2) log(a(i)). Therefore we have "only if" part of (1) and (2). 



We assume that a(i) > 1 for all i. Then (p a is positive on 

{(x ,...,x n ) el"! 1 \x + --- + x n = i}. 
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Thus, for e € Z> with |e| < 1, z e is a strictly small section by Proposition 11.31 which 
shows that D a is ample. 

Next we assume that a(i) > 1 for all i. Let 7 be a 1 -dimensional closed integral sub- 
scheme of PS. Then we can find Hi such that 7 % H^. Note that 

D a + (z7) = {Hi,log{a(0)\w \ 2 + ■ ■ ■ + a(n)\w n \ 2 )), 
where Wk = T^/Ti (k = 0, . . . , ri). Therefore deg(D a \^) > because 

log(a(0)K| 2 + • • • + a(n)\w n \ 2 ) > 0. 

(6): In this case, a = {(a(l), . . . ,a(n))} and ip a (a>) = by Lemma [Ol Moreover, 
if la G Z n+1 , then 

|| z /(a(l),...,a(n))||2^ = exp (_/^( a )) = I 

by Proposition 11.31 Thus the assertion follows from Proposition 11.51 

(4) and (5): By using (6), in order to see (4) and (5), it is sufficient to show the follow- 
ing: 

(i) D a is big if \a\ > 1. 

(ii) D a is pseudo-effective if \a\ > 1. 

(iii) D a is not pseudo-effective if a < 1. 

(i) It follows from Claim IZXTl because vol(0 o ) > 0. 

(ii) We choose a real number t such that t > 1 and Dta is ample. By Claim f23?2\ 

D a + eD ta = (l + e)D tT ^ a . 

For any e > 0, since t~|a| > 1, (1 + e)Z? iT ^_ a is big by (i), which shows that D a is 
pseudo-effective. 

(iii) Let us choose a positive real number t such that D ta is ample. We also choose a 
positive number e such that if we set a' = t~a, then \a'\ < 1. We assume that D a is 
pseudo-effective. Then 

D a + eDta = (1 + e)D a > 
is big by (9l Proposition 6.3.2], which means that D a > is big. On the other hand, as |o'| < 1, 
we have Q a > = 0. Thus H°(F^,nD a >) = {0} for all n > 1 by Proposition Q3] This is a 
contradiction. 

(1): For the first formula, we may assume that \a\ < 1 by Claim I23TT1 In this case, D a 
is not big by (4) and Q a is either or {(01, . . . , a n )}. Thus the assertion follows. For the 
second formula, the arithmetic Hilbert-Samuel formula (cf. |4] and 1 1]) yields 

teg(Dl +1 ) = j. x(g (Fg ; ^o),(, hgj 
(n + 1)! z->oo l n + x 

On the other hand, 



x(h°(f%,ih ),(, ) l9a ) = J2 log (\/Ct n )Q) aSi ) +losV #v^y 

Thus, in the same way as the proof of Lemma [2721 and Claim IZXTl we can see the second 
formula. 

(7): It follows from (1) and (3). □ 



14 



ATSUSHI MORIWAKI 



Finally let us consider the following proposition: 



Proposition 2.4. For any positive integer I, there exists a G Q>o X such that \a\ > 1 and 



that iJ°(Pg, kD a ) = {0}fork = 1, 

Proof. Let us choose positive rational numbers a' x , . . . , a' n such that a\ + • • • + a! n < 1 and 

a' x < 1//, . . . , a! n < l/l. We set a' = 1 — a' x — a' n and a' = (a' , . . . , aJJ. Moreover, 

for a rational number A > 1, we set 

K x = {x£ A n | + log A > 0}, 

where A n = {(xi, . . . ,x n ) G R^ | xi H h x n < 1}. 

Claim 2.4.1. We can find a rational number A > 1 such that K\ C (0, l/l) n . 

Proof. We assume that iv' 1+( - 1 / m ) ^ (0, l//) n for all m G Z>i, that is, we can find x m G 
^l+(i/m)\(0> 1/0™ f° r eacn m> 1. Since A n is compact, there is a subsequence {a; mi } of 
{x m } such that a; = lim^oo x mi exists. Note that x G" (0, 1/0™ because x„ H G" (0, l//) n 
for all i. On the other hand, since w(^m,) + log(l + (l/rrij)) > for all i, we have 
<Pa'(x) > 0, and hence x = (a\, . . . , a' n ) by Lemma [L2l This is a contradiction. □ 

We choose a rational number A > 1 as in the above claim. Here we set a = Xa'. Then, 
as ip a = W + log A, we have G a C (0, l//) n . We assume that H°(F%, k~D a ) / {0} for 
some k with 1 < k < I. Then, by Proposition 11.51 there is e = (e±, . . . , e n ) G k@ a n Z n , 
that is,e/k G G a . Thus < ei/k < l/l for all z. This is a contradiction. □ 

3. Asymptotic multiplicity 

Let X be a d-dimensional, projective, generically smooth and normal arithmetic variety. 
Let D be an arithmetic R-divisor of C°-type on X. We set 

N(D) = {/ G Z >0 | H°(X, ID) / {0}} . 

We assume that N(D) / 0. Then /j, x (D) for x G X is defined to be 

(i x (D) := inf {mult^D + (1/0O)) I I € N(D), <f> G H°(X, ID) \ {0}} , 

which is called the asymptotic multiplicity of D at x. This definition is slightly different 
from the way in ||9j Subsection 6.5], but they give the same value if h°(X, D) ^ (cf. 
Claim ELD- 

Proposition 3.1. Let D and E be arithmetic R-divisors of C° -type such that N(D) ^ 
and N(E) ^ 0. Then we have the following: 

(1) fi x (D + E) < fx x (D) + fi x (E). 

(Z)IfD< E, then (j, x (E) < p, x (D) + mult^E - D). 

(3) fi x (D + (</>)) =^ x (D)forcPG Rat(X) x . 

(4) p x {aD) = a(i x (D)fora£ Q >0 . 

(5) If D is nef and big, then p, x (D) = 0. 

Proof. Let us begin with the following claim: 

Claim 3.1.1. We assume that h°(X, D) ^ 0. As in (9) Subsection 6.5], we define v x {lD) 
(I G Z>o) and fi' x (D) to be 

v x (lD) := min{malt x (lD + (0)) | <\> G H°(X,ID) \ {0}}, 



H' X (D) :=inf {M^ /eZ >0 )=lim 



z 
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Then [jl' x (D) = fj, x (D). 

Proof. If we choose I G Z >0 and <fi G H°(W) \ {0}, then 

/4(Z>) < < mu i tx(jD + (1/0(0)), 

which implies fJ.' x (D) < [i x (D). 

Conversely, for each I G Z>o, we choose ifii G H°(X,ID) \ {0} such that v x (W) = 
mult^ZD + (-00) • Then 

^(5) < mult^D + (1/0(^0) = 
and hence fi x (D) < jjL x (D). Thus the claim follows. □ 

Since (1), (2), (3) and (5) follows from (9J Proposition 6.5.2 and Proposition 6.5.3], (4) 
and Claim |3~TTT1 it is sufficient to see (4). 

First we assume that a G Z >0 . Let I G N(D) and (fi G H°(ID) \ {0}. Then a G 
H°(l(a~D)) \ {0}. Thus 

^x(a^) < mult^a-D + (l//)(0 a )) = amult x (D + (l/0(^)), 

which yields fi x (aD) < afi x (D). Conversely let I G N(aD) and tp G H°(l(aD)) \ {0}. 
Then 

< mult^D + (l/Za)(V)) = (V«) mult^aD + (1/0 W), 

and hence fi x {D) < (l/a)fi x (aD). In general, we choose a positive integer m such that 
ma G Z>o- Then, by the previous observation, 

mfi x (aD) = /j, x (maD) = ma[i x (D), 

as required. □ 

Lemma 3.2. For each I G N(D), let {4>i,i, ■ ■ ■ , 0/,^} be a subset of H°(X, ID) \ {0} such 
that H°(X, ID) C ((fin, . . . , <fii- n )l- Let x be a point of X such that the Zariski closure 
{x} of {x} is flat over Z. Then 

/i x (S)=inf{mult a! (D+(l/O(0i,i)) I I G N(D), i = l,...,n}. 
Proof. Clearly 

fi x (D) < inflmult, (D + (1/0(<M) \ I G N(D), i = 1, . . . , n}. 

Let us consider the converse inequality. For / G N(D) and <fi G H°(X, ID) \ {0}, we set 
4> = Ym=i c i'fii,i f° r some ci, . . . , c n G Z. Note that 

mult a .((^ + ^)) > min{multa;(((/))), mult a; ((V'))} and mult x ((a)) = 

for (fi, -ifi G Rat(X) x and a G Q x with + V> / 0. Thus we can find i such that 

multr ((</>)) > mult a; ((^ i j)), 

and hence the converse inequality holds. □ 
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4. ZARISKI DECOMPOSITION OF D a ON P| 

We use the same notation as in Section Q] We assume n = 1. In this section, we 
consider the Zariski decomposition of D a on P|. Note that a is a closed interval in [0, 1]. 
For simplicity, we denote the affine coordinate z\ by z, that is, z = T\/Tq. 

Theorem 4.1. The Zariski decomposition of D a exists if and only if clq+cli > 1. Moreover, 
if we set "9 a = inf a , a = sup Q a , P a = 9 a H - -d a Hi and 



Pa(z) 



Ol(l-^a)' 



$a log \z\ 2 if\z\ < 

Mao + axlzl 2 ) ^y^ff^ < kl < 
6> a log |^| 2 if\z\ > - S 



ai(l-6» a )- 



f/jerc ?/ze positive part of D a is P a 



ai(l-6 a )' 



jj treated as oo if a = 1. 



Proo/ First we consider the case where £> is big, that is, do + ai > 1 by Theorem [231 In 
this case, < i? < O < 1. The existence of the Zariski decomposition follows from (9j 
Theorem 9.2.1]. Here we consider functions 



and 



r-2 



z G P X (C) 



z G P^C) 



\z\ < 




\z\ > 




given by 

n(z) 

and 

r 2 (z) 







-tf a log|z| 2 + log(a + ai|z| 2 ) 
-6> a log \z\ 2 + log(a + ai\z\ 2 ) 



if \z\ < 
if 



ai(l-#„) 



Ol(l-^o)' 
< 1*1 < 







11 " ! 

if Ul > 



< \z\ < 



ai(l-6 a )- 



ai(l-0„)' 



ai(l-fa)' 



In order to see that p a is a P a -Green function of (C° n PSH)-type on P 1 (C), it is sufficient 
to check that r% and r 2 are continuous and subharmonic on each area. Let us see that 
n is continuous and subharmonic. If i? a = 0, then the assertion is obvious, so that we 
may assume that $ a > 0. First of all, as (f a (l — $a,$a) = 0, we have r\{z) = if 
— \ , and hence ri is continuous. It is obvious that n is subharmonic on 



Z G 



\Z\ < 



U < z G 



ao^a 



ai(l-t?a) J [~ " V oiC 1 -^ 
By using Claim [L2TT1 

$ a log\z\ 2 = (l-tf a )log(l) + tf a log|z| 2 



< \z\ < 



ai(l 



< log(a + ai\z\ 2 ) + ip a (l - i? a ,#a) = log(a + ai\z\ 
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Thus n > 0. Therefore, if Id = J ff a q T , then 

X /" 27r 

ri(z) = 0<— r 1 (z + ee v ~ u )dt 
27r Jo 

for a small positive real number e, and hence ri is subharmonic. In the similar way, we can 
check that r2 is continuous and subharmonic. 

Next let us see that P a is nef. As ri(0) = and r2(oo) = 0, we have 

tei(P a \ Ho ) = fei(P a \ Hi ) = 0. 

Note that 

Pa + M*) = i( d * ~ $a)H Q ,Pa(z) ~ $a log \z\ 2 ) 

and 



r\{z) if \z\ < 



D ( z ) — $ loe \z\ 2 — < V ai(i-eq) ' 



(*.-*.) tag W if kl > V^to- 

Therefore, p a (z) — # a log |z| 2 > on P 1 (C), which means that P a + # a (z) is effective. 
Let 7 be a 1-dimensional closed integral subscheme of P| with 7 7^ Ho, Hi. Then 

d^(P a | 7 ) = d^(((0 a - $a)Ho, Pa ~ ^alog|z| 2 )| 7 ) > 0. 

By using Proposition 11.51 we have ^H {Da) = 1 — &a and fXHi(Da) = #a- Thus the 
positive part of D a can be written by a form (P a , q), where q is a P a -Green function of 
(C° n PSH)-type on P^C) (cf. [9, Claim 9.3.5.1 and Proposition 9.3.1]). Note that P a is 
nef and P a < D a , so that 

Pa(z) < q(z) < log(a + a x \z\ 2 ). 
We choose a continuous function it such that p a + u = q. Then u{z) = on 



< z < 



01(1-0.) - 1 1 - V a x (i-e a y 



Moreover, since q(z) = t? a log|2:| 2 + u(z) on \z\ < J ai °°^ ) » w is subharmonic on 



M < A/ ai (i\) - On the other hand, -u(O) = because 

d^((P.,g)| Jfl ) = «(0) = 0. 

Therefore, u = on \z\ < y ^^^ -y by tne maxrma l principle. In a similar way, we can 
see that u = on \z\ > J ff a a r . 

I I — Y ai(l-0 o ) 

Next we consider the case where ao + a\ = 1. By Claim [L2T1 

ai log |z| 2 < log(a + ai|z| 2 ) 

on P 1 (C). Thus — ai(z) < D a , and hence the Zariski decomposition of D a exists by (9l 
Theorem 9.2.1]. Let P be the positive part of D a . Then — a\(z) < P. 

Let us consider the converse inequality. Let t be a real number with t > 1. Since 
P < < Dta, we have P < P ta because P 4a is the positive part of D ta by the previous 
observation. Since <pta = <£a + log(t), we have lim^i i9j a = lim^i Ota = ai. Therefore, 

we can see 

jini I '/a = P a = -a\(z). 
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Thus P < -ai{z). 

Finally we consider the case where ao + a\ < 1. Then, by Theorem 12.31 D a is not 
pseudo-effective. Thus the Zariski decomposition does not exist by [9, Proposition 9.3.2]. 

□ 

5. Weak Zariski decomposition of ~D a 

Let X be a d-dimensional, projective, genetically smooth and normal arithmetic variety. 
Let Dbea big arithmetic M-divisor of C°-type on X. A decomposition D = P + N is 
called a weak Zariski decomposition of D if the following conditions are satisfied: 

(1) P is a nef and big arithmetic M-divisor of (C° n PSH)-type. 

(2) iV is an effective arithmetic R-divisor of C°-type. 

(3) multr(iV) < Hv{D) for any horizontal prime divisor F on X, that is, F is a 
reduced and irreducible divisor F on X such that F is flat over Z. 

Note that the Zariski decomposition of a big arithmetic M-divisor of C°-type on an arith- 
metic surface is a weak Zariski decomposition (cf. [9, Claim 9.3.5.1]). The above property 
(3) implies that multr(-/V') = nr{D) for any horizontal prime divisor F on X. Indeed, by 
(2) and (5) in Proposition 13. 1[ 

fir(D) < Hr(P) + multr(iV) = mult r (2V) < nr(D)- 

From now on, we use the same notation as in Section [T] Let us begin with the following 
lemma. 

Lemma 5.1. Let f : X — > PS and g : Y — > X be birational morphisms of projective, 
generically smooth and normal arithmetic varieties. If f*(D a ) admits a weak Zariski 
decomposition, then g*(f*(D a )) also admits a weak Zariski decomposition. 

Proof. Let f*(D a ) = P + N be a weak Zariski decomposition of f*(D a ). We denote 
birational morphisms Xq — > Fq and Yq — > Xq by fq and <?q respectively. We set 

e a = {e£R n+1 | e e 6 a }, 

fq{Hi) = J^j a ijDj for i = 0, . . . , n and N = ^ • bjDj on Xq, where Dfs, are reduced 
and irreducible divisors on Xq. Since 

IH + (z e ) = {l- e(l) e(n))H + e(l)i^i + • • • + e(n)fl„ 

for e G l@ a H Z n , by Lemma I3T21 we have 



VDj{f*{D a )) = min <^ ^x,c 



i=0 



(x , . ..,ic n ) G O 



Thus 



< min i 



Xi&ij 
i=0 



(x , . . . ,x n ) e @ a > ■ 



for all j. 

Here let us see that g*(f*(D a )) = g*(P) + g*(N) is a weak Zariski decomposition. 
For this purpose, it is sufficient to see that multr(g*(-/V)) < ^r{g*(f*{D a ))) for any 
horizontal prime divisor F on Y. If we set cj = multr(<7Q(-Dj)), then 

di := multr {gqifqiHi))) = ^a^Cj. 
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= <^ Oi, . . . ,x n -i,x n ) G 



For (xq, ...,x n ) € e o , 

^x^ = ^2 [ ^2 x i a ij J Cj > ^bjCj = multr(5Q(iV)), 
i j V i / j 

which yields /ir(3*(/* (AO)) > mult r (y*(iV)). □ 

Next let us consider the following lemma: 

Lemma 5.2. Let be a compact convex set in W 1 and p : M. n — > R n_1 the projection 
given by p(x±, . . . , x n ) = (x±, . . . , x n _i). Then p(Q) is a compact convex set in M n_1 and 
there exist a concave function 6 onp(Q) and a convex function $ on p(@) such that 

(xi, . . . ,x n -i) G p(@), 

. . . ,X n -l) < x n < 9(xi, . . . ,X n -l) 

Proof. Obviously p(Q) is a compact convex set in For (xi, . . . , x n -i) G p(©)> we 

set 

J d(x 1 , ... , x n -l) ■= max{x n G R | (a?i, . . . , x n -i, x n ) G 0}, 
\&(xi, x n -i) := min{x n G E | . . . , x n _i, x„) G 0}. 

Clearly 

fi-Zr-r t- t ^ TR n (an,--- .a?n-l) Gp(6), 1 
1 [ Xu • • • ' n - 1} n) G i?(x l9 . . . , x n _ x ) < x n < . . . , x n _ x ) J • 

We need to show that 6 (resp. i?) is a concave (resp. convex) function. Since 

(xi, . . . , x n _ i, (9(xi, . . . , x n _i)), (x 1; . . . , x n _i, 0(x±, . . . , x n _ 1 )) G 
for (xi, . . . , x n _i), (xi, . . . , x' n _ x ) G p(0), we have 

A(xi, . . .,x n -i,9(xi,.. . ,x n _i)) + (1 - A)(x' 1; . . . ,x' ri _ 1 ,0(xi,.. .,x' n _{)) G 
for < A < 1, which shows that 

X0(xi, . . . ,x n _i) + (1 - \)0{x' x , . . . ,a4_i) 

< 6»(A(xi, . . . ,x n _i) + (1 - A)(xi,. . . ,x' n _ 1 )). 

Thus is concave. Similarly we can see that $ is convex. □ 

Remark 5.3. If p(0) is a polytope in Lemma lSl2l then 9 and i? are continuous on p(Q) (cf. 
Q). In general, 8 and are not necessarily continuous on p(0). Indeed, let us consider 
the following set: 

= {(x, y, z) G M 3 | < y < 1, < z < 1, x 2 < yz}. 

Since 

x < yz <==^- x + < 

we can easily see that is a compact convex set in M 3 . Let p : M 3 — >• M 2 be the projection 
given by p(x, y, z) = (x,y). Then 

p(0) = {(x,y) G M 2 | x 2 < y < 1}. 

Moreover, $ is given by 

fa! )= f x2 /v if(x,y)^(0,0), 
\0 if (x,y) = (0,0) 

and is not continuous at (0, 0). 
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Note that a is a compact convex set of M n . We say a hyperplane a\Xi+- ■ -+a n x n = (3 
in R n is a supporting hyperplane of O at (&i, . . . , b n ) G Q a if 

6 C {a 1 x 1 H h a n x n > /3} and cti&i H h a n 6 n = /3. 

Proposition 5.4. L<?f , 6 n ) G t?(6 a ), f/iaf j'j, (&i, . . . , 

bn) is & boundary point of @ a . 

We set bo = 1 — b\ — ■ ■ ■ — b n . We assume 

<iq + a\ + ■ ■ ■ + a n > 1 and | < i < n, bi = 0} < 1. 

Then Q a has a unique supporting hyperplane at (pi, ... , b n ). Moreover, in the case where 
bi = 0, the supporting hyperplane is given by 

\xi-\ \- Xn = l ifb = 0, 

1 Xi = ifh = Ofor some i with 1 < i < n. 

Proof. Here we set 

0a(^lj • • • i %n) = -^1 ' ' ' ^ni 2-1; • • • > 

on A n = {(xi, . . . ,x n ) G M> | xi H h x n < 1}. Then 

©a = {(xi, . . . ,X n ) G A n | </> a (xi, ...,!„) > 0}. 

First we assume that (pi, . . . , b n ) d(A n ). Then a (6i, ■ ■ ■ , 6 n ) = 0. Note that, for 

(xt, . . . , x n ) G A n \ <9(A n ), 



^a)a;i (^1 ; • • • j -En) 



and (b a ( . ai . — , . . 

^ a \ao-\ \-a n ' 



ba)x n (xi, ...,X n )=0 



(xi , . . . , x n ) 



«1 



ao + h a n ' ' ao H + a r> 



log(ao + • • • + a n ) > 0. Thus we have 



QoH t" a n ; 

((0a)xiOl, • • • ,b n ),.. . , ((/> a ) Xl (h, . . . ,b n )) / (0, . . . ,0), 

which means that © a has a unique supporting hyperplane at (pi, . . . , b n ). 

Next we assume that (bi,...,b n ) G d(A n ). Considering the following linear transfor- 
mations: 

/ 

X-y — X\, 

%1 = X\, 



I -I _ 



we may assume b n = 0. Note that (h, . . . ,6 n -i) G A n _i \ d(A n _i). Letp : R n -> R n ~ l 
be the projection given by p(xi, . . . , x n ) = (xi, . . . , x n _i). By Lemma I5T21 there are a 
concave function 9 on p(0 a ) and a convex function i9 on p(@ a ) such that 

(Xi, . . . ,X n _i) G p(©a), 

■d(xi, . . . ,x„_i) < x„ < (9(xi, . . . ,x n _i) 

Claim 5.4.1. . . . , b n -i) is an interior point of p(Q a ). In particular, -d is continuous 
around (pi,..., b n -\) (cf. [5J Theorem 2.2]). 



a — \ (xi , . . . , X n —l, x n ) 
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Proof. Let us consider a function %jj : [0, 1 — b\ — ■ ■ ■ — & n _i] — > R given by ifi(t) = 
(j> a (,h,... ,b n -i,t). Note that 

^)=iog^f 1 ~ 6i ":-~ 6w - i -iV 

4>a (h, . . . , 6 n _ l5 *n(l-h-----b n _ 1 ) \ > ^ ^ Q 

Therefore, as ( b%, . . . , 6 n _i, a ' 1 ^ 1 ~^ 1 ~' a '~ fe "~ 1 ' ) ) G A n \ d(A n ), we can find a sufficiently 



Thus 



small positive number e such that 

n\, j \ - h 6 n _i) a n (l-fex 6 n _i) 
(6j - e, h + e) x ■ e, ■ + e 
V a + a n a + a n 

is a subset of 6 a , and hence 

n-l 

(&!,..., 6„_l) G JJ(6j-€,6i + €) Cp(9 4 ). 

□ 

We set a' = (oq, . . . , a n _i). Then 

e a / ={(si,..., s„_i) G R n_1 I (xi,...,x n _!,0) G e a }. 
Clearly (&i, . . . , 6„_i) G & a ' and i? = on a /. 

Claim 5.4.2. $ is a continuously differentiable function around (pi, . . . , 6 n _i) such that 

fi xi (bi, . . . ,b n -i) = ■■■ = tix^ih, . . .,b n -i) = 0. 
Proof. By Claim I5AT1 there is a positive number e such that 

bx - e > 0, . . . , 6 n _! - e > 0, (&i + e) + • • • + (&„_i + e) < 1 

and i? is continuous on [/ = 11^=1 ~~ e > h + e )- ^ O^l? • • • i x n-i) G U \ @ a i, then 
i9(xi, . . . , x ra _i) > 0, and hence 

(j>a(xi, . . . ,x n _i,t?(xi, . . . ,x n -i)) = 

for (xi, . . . , x n _i) G 17 \ O '. Note that 

(5.4.3) U,„),. \^~ f '' 



a \ Xi 

Since . . . , = 0, choosing a smaller e if necessarily, we may assume that 

for all (xi, . . . , x n _i) £ U \ a '. Thus, by using the implicit function theorem, i? is a C c 
function on £7 \ a ' and 

(5.4.4) ^ (xi, . . . , x n _i) - (</)a) "' (ai ' ' ' ' ' ^Zll^ • • • ' , 

{4>a)x n (Xl, X n -W&(xi, X n -i)) ' 

Let us consider a function 7$ on f7 given by 

'0 if (xi, . . . , X n -\) £ U n @ a >, 

•& Xi (xi, . . . ,x n _i) if (xi, . . . ,x„_i) G Z7\ a '. 



7i(xi, . . . ,x n -i) 
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Then, by using (15.4.31) and (15.4.4I ). it is easy to see that 7, is continuous on U. Thus the 
claim follows. □ 

The above claim shows that Q a has the unique supporting hyperplane at (o l5 . . . , o n ) 
and it is given by x n = 0. □ 

Corollary 5.5. We assume that ao < 1 and ao + «i + • • • + a n > 1. Let a\ , . . . , a n 6 M>o 
ant/ (61, ... , b n ) E B a swc/j that 

a\bi H h a n kn = minjaixi H h a n ^n | (#1, • • • ,%n) G 6 a }. 

7%en (61,..., 6„) g 0(A„). 

Proof. We prove it by induction on n. If n = 1, then the assertion is obvious, so that we 
may assume n > 1. If ao H h a n = 1, then 



e, 



a 



0,1 



ao H 1- an ao + 



On \ 1 

h a n / J 



In this case, the assertion is also obvious. Thus we may assume that ao H + a n > 1. 

We assume that bi = for some 1 < z < n. Then, since © a n {xi = 0} 7^ 0, we have 

ai H + a«_i + ai+i H + a n > 1. 

Thus, by the hypothesis of induction, 

h ^ 0, ... , / 0, ^ 0, . . . , b n ^ 0, h + ■ ■ ■ + b n ^ 1. 

Therefore, by Proposition 15.41 we have the unique supporting hyperplane x-i = of Q a 
at (61, ... , b n ). On the other hand, a\X\ + • • • + a n x n = a\b\ + • • • + a n b n is also a 
supporting hyperplane of 8 a at (pi, . . . , b n ). This is a contradiction. 

Next we assume that b\ + ■ ■ ■ + b n = 1. Since 5^0 for all i, by Proposition 15.41 the 
unique supporting hyperplane of a at (61, . . . , b n ) is x\ + • • • + x n = 1, which yields 
«! = ••• = a n , and hence a C {x\ + • • • + x n = 1}. This is a contradiction because 



ax 



a H + a„ ao H + a r 

as required. □ 

Theorem 5.6. We assume that n > 2 ana* -D a « feig. T/jen Z) a is nefifand only if there is a 
birational morphism f : X — > of projective, generically smooth and normal arithmetic 
varieties such that f*(D a ) admits a weak Zariski decomposition on X. 

Proof. If D a is nef, then D a = D a + (0, 0) is a weak Zariski decomposition. Next we 
assume that D a is not nef and there is a birational morphism / : X — > of projective, 
generically smooth and normal arithmetic varieties such that f*{D a ) admits a weak Zariski 
decomposition /* (D a ) = P + N on X. By our assumptions, ao + • • • + a n > 1 and a,; < 1 
for some i. Renumbering the homogeneous coordinate To, ... , T n , we may assume ao < 1. 
Let £ be the generic point of H x n • • • H H n , that is, £ = (1 : : • • • : 0) € P n (Q). Let 
Li be the strict transform of i?j by / for i = 0, . . . , n. We denote the birational morphism 
X Q Kby /q. Let /' : X' Pg be the blowing-up along iTi n • • • n H n . By using 
Lemma [5711 and ffll . we may assume the following: 

(1) Let £ be the exceptional set of /q : Xq — > Pq. Then S is a divisor on Xq and 
(S + (To)q + • • • + (Tn)(Q>)red is a normal crossing divisor on Xq. 



BIG ARITHMETIC DIVISORS ON THE PROJECTIVE SPACES OVER Z 



23 



(2) There is a birational morphism g : X — > X' such that the following diagram is 
commutative: 

X 




Claim 5.6.1. There are £' G X(Q) and a reduced and irreducible divisor E on Xq with 
the following properties: 

(a) /q(0 = ^and^'e E n {L n ) Q . 

(b) and (L„)q j's non-singular at 

(c) E 1 is exceptional with respect to /q : Xq — >■ Pq. 

(d) There are positive integers a±, . . . ,a n such that 

fq(Hi) = otiE + (f/ie ram of divisors which do not pass through £') 

/or i = 1, . . . , n — 1 arcd 

f<q(H n ) = (L u )q + a„£ + (f/ie ram of divisors which do not pass through £'). 

Proof. Let L' n be the strict transform of £f n by /' and E' the exceptional set of /q : Xq — ► 
P™. Then £' = P^ _1 and D' := (L' n ) Q D £' = P^ -2 . Let h : L n ^ L' n and /iq : 
(L n )Q — >■ (LJJq be the birational morphisms induced by g : X — > X' and gq> : Xq — > Xq 
respectively. Let D be the strict transformation of D' by hq. As before, let E be the 
exceptional set of /q : — > Pq. Let 

(E + (L )q + • • • + (L n ) Q ) rcd = (L )q + • • • + (L„) Q + £ + • • • + Ei 

be the irreducible decomposition such that Ei's are exceptional with respect to /q. Since 
D C (L n )(Q n E, there is E'j such that D C (L„)q n Renumbering E'o, . . . , £/, we 

may assume that = £7. As (Lo)q + • • • + (L n )<Q + -E'o H + E 1 / is a normal crossing 

divisor on Xq, we have 

'D n Sing((L n ) Q ) CD, DO Sing(E) C £>, 
< fln(L,)(jCI)(i = 0,...,n-l), 

k Z>n#,- c d(j = o,...,i-i). 

Note that D(Q) is dense in -D because D — > D' is birational. Thus we can find £' G -D(Q) 
such that 

n-1 J-l 

£' (D n Sing((L n ) Q )) U (D n Sing(£)) u[J(Dn (Li) Q ) U (J (D n 

i=o i=o 

Therefore the claim follows. □ 
Note that 

f^(lH + (z? ■ ■ ■ = r q ({l -e x e n )H + e x R x + ■■■ + e n H n ) 

= e n (L n )Q + (aid H h ane n )-E 

+ (the sum of divisors which do not pass through £'). 
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Therefore, by Lemma [3^21 

fjt£'(f*(D a )) = min{aixi H h a n -i^n-i + («n + l)x n | (xi, ■ • ■ , x n ) G a }, 

< HE(f*(D a )) = min{aixi H h a n x n | (xi, • • • , x n ) G a }, 

^L n {f*{D a )) = min{x n | (xi, . . . ,x n ) G a } 

Further, 

muhV(A0 = mult^(iV) + um\t Ln (N) < Mf*(D a )) + HL n {f(Pa))- 
By (2) and (5) in Proposition 13. II 

= w(F) > w(f*(D a )) - mult e (iV). 

Therefore, if we set 

^4 = min{aixi H h a n _ix n _i + (a n + l)x n | (xi, • • • , x n ) G 6 a }, 

< 5 = min{aixi H h a„x„ | (xi, • ■ • , x n ) G a }, 

C = min{x n | (xi, ... ,x n ) G a }, 

then we have > A — B — C. We choose (pi, . . . , b n ) G a such that 

A = ai&i H h a n _i6„_i + (a n + l)6 n . 

Thus, as a\b\ + • • • + a n b n > B and b n > C, we have 

> A- B- C 

> aih H h o n _i6 n _i + (a n + l)6 n - (aih H h a n 6 n ) - 6 n = 0, 

which implies aifti + • • • + a n b n = B and b n = C. On the other hand, by Corol- 
lary [53J (b% , . . . , b n ) G" <9(A n ), and hence there is a unique supporting hyperplane of © a 
at (b\, . . . , b n ) by Proposition 15 .41 This is a contradiction because 

o-ixi H h a n _ix n _i + (a„ + l)x n = A, 

aixi H h a n _ix n _i + a n x n = B, 

distinct supporting hyperplanes of 9 tt at (bx, . . . , b n ). □ 

6. FUJITA' S APPROXIMATION OF D a 

Fujita's approximation of arithmetic divisors has established by Chen and Yuan (cf. El . 
iflQl . |[8l and O). In this section, we consider Fujita's approximation of D a in terms of 
rational interior points of a . 

First of all, we fix notation. Let X\,...,x r G W 1 and . . . , <j> r G R. We define a 
function ^a^),...,^,^) on 6 = Conv{xi, . . . ,x r } to be 

*<bx,*),..,«*.*o(«) == max |g A,* * " ^ ^ Aj = 1 J ' 

Note that 

0(»i,fc) I ...,(» Pl fc.)(aO = max{(/> G E | (x, <f>) G Conv{(#i, </>i), . . . , (x r , (j) r )} C M n x M}. 
Thus we can easily see that (/>(x 1 ,<l> 1 ),...,(xr,<l>r) * s a continuous function on (cf. ll3l). 
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Let ip be a continuous concave function on 0. Then ^t Xl tp(xi)),...,(x r ,tp(x r )) — f- More- 
over, for a positive number e, if we add sufficiently many points x r+ \, . . . ,x m £ 6 to 
{x\, . . . .x,.}. then 

If — e < (f>(x 1 ,!fi(x 1 )),...,(x r ,'fi(Xr)),(x r+1 ,!fi(x r+1 )),...,(x m ,tp(x m )) — V 9 - 

From now on, we use the same notation as in Section [TJ We assume that D a is big. 

Claim 6.1. For a given positive number e, we can find rational interior points x\, . . . ,x r 
of@ a > that is, X\, . . . ,x r G Int(6 ) n Q n such that 

<P(x 1 ,M2i)),-,(xr,M2r))( x ) dx > v ol(D a ) - e, 
where = Convjxi, . . . ,x r }. 

Proof. First of all, we can find x±, . . . ,x r < G Int(O a ) n Q n such that 

(n + 1)' /" _ — 

— - / ip a (x)dx > vol(D a ) - e, 

1 Je 

where = Convjxi, . . . ,x r >}. Thus, adding more points x r / + i, ... ,x r G n Q n to 
{xi, . . . ,x r i}, we have 

0(« 1 , (Pb ^i)),...,(« p , V i b ^ p )) > vol(L> a ) - e. 

□ 

We choose a sufficiently small positive number 5 such that 

(a) C Q e -s a and 

(b) — y 0(.i >Ve _,.^i)),...,(^,v» e _ ffa (i P ))(*)^>volCD a )-e. 

We set o' = e~ s a. By virtue of (9J Theorem3.2.3], we can find positive integer Iq such that 

(c) logdist(iJ°(Z#o) ® C; / 5a') < W and 

(d) fo&i> • • • ,lox r e Z£ . 

Let us consider the following Z-module: 

r 

i=i 

Then we have a birational morphisms : Y — >• of projective, generically smooth and 
normal arithmetic varieties such that the image of 

is invertible, that is, there is an effective Cartier divisor FonF such that 

V® z O y ^O Y (p*(l H )-F) 

is surjective. Here we set 

r Q:=li*(l H )-F, 

< g F := p* (-logdist(V ®C;l g a >) + , 
^9Q ■= i l o9a' + logdist(y ® C; l g a ')) ■ 

Claim 6.2. (i) g Q + g F = n*(l g a ). _ 

(ii) gQ is a Q-Green function of(C°° n PSH)-fy/?e awcf Q := (Q, gQ) is nef. 



n + 1 ! 
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(iii) gF is an F -Green function of C 00 -type and qf > 0. 

(iv) If we set P = (P,g P ) = (l/l )Q, then, fore G IQ n Z n , /U*(z e ) G H°(IP) and 

\H*(z e )\1 gp < eX P (-i0(« 1 , V- ,^ 1 )),»-.(»r,»'./(«r))( e /O) • 

Proof, (i) is obvious, (ii) is a consequence of Lemma 1631 below. The first assertion of (iii) 
follows from (i) and (ii), and the second follows from (c). 

(iv) Let us consider arbitrary Ai, . . . , A r G R such that e/l = X\X\ + • • • + \ r x r and 
Ai H h A r = 1. Then, since Q + > for all i, 



ZP + (^(z e )) = (Z/W + ^A^/ZoX^V * 1 )) 

i=i 

r 

= ^A,(//Zo)(Q + (/i*(^))) >0, 



i=l 

and hence i-i*{z 6 ) G H°(IP). Moreover, by using (9J Proposition 3.2.1] and Proposi- 
tion o 

|/i*(^)b 2 gp = |M*(^)| 2 ex P (-(Z/Zo)5Q) 

TJ A^o*,)^*^ ex P H M *(<?a')) 



=i 



/x*(dist(y<g>C;Z Sa')) i/io 

nW J <ir 



^dist(F«XC;Z <7a^ ' ~ 11 l " l|IZoftl ' 



i=l \ / i=l 

r / r \ 

= []exp(-/o^(^)) Al(/Ao) = exp -Z^A^ a '(^i) • 
i=l V i=l / 

Thus (iv) follows. □ 

Lemma 6.3. Lef : Y —> X be a birational morphism of projective, generically smooth 
and normal arithmetic varieties. Let D be an arithmetic M.-divisor of C°-type on X and 
S asubsetofH°(X,D). We assume that there is an effective M>-divisor EonY with the 
following properties: 

(1) ^*{D) — E G Div(y), that is, p?(D) — E is a Carder divisor. 

(2) /i*(a) G H°{Y,n*{D)-E)forallse Sand 

r|SuppO**(Z»)-£7+( M *( S ))) = 0. 

We set 

M:=n*(D)-E and g M := fj*(g + logdist((S) c ;s)). 
Then gM is an M -Green function of(C°° n PSH)-fype arcc? (M,gM) is nef. 

Proof. Let e\,... , ejy be an orthonormal basis of (£)c with respect to ( , ) s . We fix 
y G Y(C). Let / be a local equation of fA*(D) — E around y. We set Sj = p,*(ej)f for 
j = 1, . . . ,N. Then si, . . . , sjy are holomorphic around y and / for some j. On 
the other hand, 

9m = iog (ei^^)! 2 ) =-iog|/i 2 + iog (en 2 
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around y. Thus gM is an M -Green function of (C°° n PSH)-type. By virtue of [9, Propo- 
sition 3.1], we have 

\s\ 2 g < {s,s) g dist((S)c;g) < dist((5)c;ff), 

which yields /i*(s) G H°(Y,M) for all s G S. Let C be a 1-dimensional closed inte- 
gral subscheme on Y. Then there is s G 5 such that C £ Supp(M + (/i*(s))). Thus 

d^((M, 9M )lc) >0- □ 

Finally let us see that vol(P) > vol(D a ) — e. We fix an -invariant volume form <3? on 
Y with $ Y (C) 3? = 1. Using <E> and lgp,we can give the inner product ( , )/ gp on H°(IP). 
Then, by (iv) in the above claim, 

{H*(z e ),n*(z e ))i gp < exp(-Z0( Xl)V- ,(^ 1 )) 1 ... ) ( ieri ^,^ r ))(e/O) • 
Here we consider positive definite symmetric real matrices ^ = (o ee ')ee'ei©nZ" and 
A « = «,e')e,e'ezenZ" given by 

«e,e' = {^*{^),^*{z 6 '))i gp 

and 



a e,e' 



eX P (-i0(« 1 , VJ| , l ^ 1 )).....(«r,»>./^r))( e /O) if 6 = 6 '> 

(/i*(z e ),/i*(z e ')) Z9p ife^e'. 



Then, since 



a e>e >x e x e > < y j 
e.e'eienz™ e,e'ezenz™ 

we have 

#tf° 2 (LP) > # {(x.) e Z«™" | E^^ena- ae ' e ' XeXe ' ^ 

> # |(x e ) G Z' enzn ] V a' ,x e x e , < l) . 

_ V ' I ^e,e'eZGnZ" e,e e e _ j 

On the other hand, by Lemma 1X21 

log# {(x e ) G E e , e ' e /enz" < e , W < l} 

lim inf 



i«+i/(n + l)! 

— 2 — y e n*i,v./^i)),--.,(*r,^^r)) w 1 ™' 



> 



and hence vol(P) > vol(-D a ) — e by Lemma [27T1 and (b). 
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